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ON WAVE EXCITATION BY A VIBRATING STAMP IN A MEDIUM
WITH INHOMOGENEOUS INITIAL STRESSES”

I.V. ANAN'EV, V.V. KALINCHUK and I.B. POLIAKOVA

One possible means for studying the features of excitation of an inhomogeneous medium
with inhomogeneous initial stresses by an oscillating stamp is proposed (the mech-
anical parameters of the material of the medium and the initial stress tensor com-
ponents are arbitrary, sufficiently smooth functions of one of the coordinates, the
depth of the layer, the radius of the cylinder). The approach being developed to
study inhomogeneous prestresses media is realized in the solution of the problem of
the oscillating of a stamp on a lyer surface and the problem of the vibration of a
stiff belt on the surface of an infinite circular cylinder. Integral equations are
derived to whose study the solution of both problems reduces, and the properties of
the kernels are investigated. The single-valued solvability of the integral equa-
tions in a certain class of functions is shown. The influence of the properties of
the material of the medium and of the nature of the change in the initial stresses
on the contact stress distribution under the stamp, and on the behavior cf the free
surface outside it is investigated numerically.

Analogous problems are examined in /1,2/ on the basis of a linearized theory of elastic
wave propagation /3/ under the assumption of initial isotropy of the medium and homogeneity
of the initial stresses.

1. The problem of exciting an elastic medium with initial strains (in the absence of mass
forces) is described by the relationships /4/

V.6=pu", N.O=q; =P+ /s(Te—e.T)—T.-Q (1.1}

Here p is the density of the material in the medium u = {u,, up, us}, @ = {g;, 9. gs} and
N = {N,, N;, N3} are, respectively, the displacement, surface force, and normal vectors to the
surface. The initial stress tensor T and the symmetric g and skew-symmetric Q strain tensors
take part in representing the tensor-of second rank ©. The symmetric tensor P depends only
on the properties of the material and in the case of small initial strain can be represented
in the form /5/
P(e)=Atre.E 4 2pe
Here E is the unit tensor, and A and [ are Lamé parameters.
We rewrite the equation and boundary condition (1l.1) in the form
a
bz,
NiByo==qs, Oys==Trs + /2 (OxnEns — €nxOsn) — Oknfdns (1.3)
s == Ays (811 - €22 - E33) + 2peys
Here ¢;; are the initial stress tensor components, Eis Qs are the symmetric and skew-
symmetric strain tensor components, T,, are the stress tensor components related to the strain
tensor components by the above-mentioned dependence, ]
Assuming o;; =0, is=j, i,j = 1,2, 3, we obtain the following form for the components of the
tensor O:

Oy =ply, k,5s=1,2,3 (1.2)

Ju u
ekx::aks‘ﬁz‘*'bksv:v ks (1.4)
ou du; du . .
O c=(A+2p) ?:4-& (T’T + Ef) , k=i, k*j
Gy = R (1 — 0 — 0p), by = w1 + 30x — 0y), k=5
G = O/l4p); i, j, ks =1,2,3
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2. Let us consider the plane problem of the vibration of a rigid stamp of width 22 on
the surface of a layer occupying the domain | |, 1% | < 0,0z <k Assuming the coeffic-
ients A, M, @y Dys in the representation (1.4) to be functions of z3, and applying the Fourier
transform in z; to (1.2) (o is the transformation parameter, and U,, Uy are Fourier trans-
forms of the functions u,, Us), by using the notation U, = y,, —iaUy = y,, U, = y3, —iaUs = ¥,
we arrive at the system

yy = byt {— by'yr + (A + 2p) a® — po®l ys — ay'y, — (A + az) ¥} (2.1
g = A+ 2t e (A +a) g — W +20) g+ @ ys+ (2P — p07) Yl

’

Yo' =¥ U =
Proceeding in an analogous manner, we reduce the boundary conditions (1.3) to the form

T3 =h, buy: + anys = 0, —a®y; + (A + 2p) y, = Q (@) (2.2)
23=0,y33=ys=0

(Q () = — iaTs (@) is the Fourier transfomm of g (zy)).

For a further analysis it is necessary to have four linearly independent solutions of
the system (2.1). They can be obtained numerically by the Runge—Kutta, Adams, etc. methods,
say /6,7/. Let us assume that these solutions with the initial conditions y; (0) = &; are
constructed and have the form

4
¥i =k210k!/ﬂ: (2s), 4L, h=1,2,38,4 (2.3)

Then the solution of the problem under consideration can be written in the form

ui(lu-l'a)=71n—Sk(-rs,é—z;)q(g)dg, i=1,3 (2.4)

k(zs, )=\ K (@ z:) e da (2.5)
T

K (av 13) = [Alyil (z3) — Agyn (Ia)]/A (2.6)

Ay = by (B) yrx (B) + ag (B) yeulh), & =1, 2
A = [A(R) + 2p (B)] [y, () A1 — Yo (h) Ap] —
a2h (k) [ys, () A1 — ys (B) 4,]

The right side of (2.4) governs the displacement of an arbitrary point of the layer sub-
jected to the load g¢;(z;) given in [—a, 4] . Setting x=h in (2.4)—(2.6), we obtain the
layer surface displacement determined by the relationships

ue@) =z { FE—za@® 2.7)
k)= K @e*da, K@=K@ b (2.8)
r

The contour I in the representations (2.5) and (2.8) is selected in conformity with rules
elucidated in /8/, except after a numerical analysis of the properties of the function K°(a).
In the case of the problem on the action of a stamp on a layer surface, the relationship (2.7)
is an integral equation in the unknown function gq (§).

3. The evenness and meromorphism of the function K°(a) are determined from the form
of the analytic dependence of the coefficients of the differential equations (2.1) on the para-
meter o. The presence of real zeros and poles and the nature of their distribution can be
determined only upon having the specific form of the functions A (z3), p (zs), p (23), 6 (23) given.
The asymptotic behavior of K°(®) as «— oo plays an important role.

The kernel of the integral equation is constructed numerically as the solution of the
boundary value problem (2.1), (2.2); hance it is natural to identify the asymptotic of the
kernel with the asymptotic of the corresponding boundary operator. By using the notation

g1 = — i€y, ga = i), s = i€Yy, 84 = — iYs
e=a™l, o= — (A + a)/(h -+ 21), = — by/(h + 2p)
a3 = (A + a5)/bs, oy = — (A + 2p)/by
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we reduce the problem (2.1), (2.2) to the form
&gy = ayga— (A + 207 {(V + 20) egy — (bys — p0%e?) g5 — e)'g,] (3.1)
8gy' = asgy — byt [ebsy' g + (A + 2u) — pe?e?)g, - ean’gs]
egs = —8u &' = —&:
Zs=h, buge T angs =0, (A + 2u) g — hgs = — ¢ (3.2)

r;,=0,g3=g4=0

The system (3.l) can be written in matrix form
G’ =A(2,¢ G, z2=1;

Let us construct the asymptotic solution of this system. It follows from the form of
(3.1) that the matrix A (z,e&) allows expansion in a power series in e

Az, ey~ DA (z)e", e~0 (3.3
k=0
where
{ 0 ¢, Qg 0
Ao(2)= __‘:3 g g g‘ (3.4)
0 —1 0 0

The eigenvalues of the matrix A,
Q1,2 = (—p £ (P> — Vs, gy = — (—p %= (P® — )Y, (@p= —ayay + @ + &y, ¢ = bya/by)

are distinct. The asymptotic solution of the system (4.1) is written in this case in the
form
4 z

g;(z, e) ~ ie’{;aw(z)exp (-:—Sqi(t)dt)} (3.5)
Tael) 1

0

where a;? is to be determined from (3.1) and (3.2). We shall substitute particular solutions
corresponding to the distinct g; alternately into (3.1) and equate expressions on the left
and right for identical powers of &. If the matrix

q; —Qe; —Qg 0
as —q¢ 0 a
1 0 g; O
0 1 0 ¢

BY(z) =

is introduced into the consideration, then we obtain for r=10 /9/
agi.’—_:chﬁf} (3.6)

Here B, 9 is the cofactor of the element by of the matrix B®(z), and c¢;° are constants to
be determined. The left sides of (3.6) are determined by the formulas

(i (i)
410 == — ¢ (g° — i), Qag ==¢;°¢i%0 (3.7
asu(i) = ¢;° (qiz 4 (14)' 040(‘) = — ci°qia3
where the expressions in parentheses on the right are evidently not zero for all ajy'?.  The

boundary conditions (3.2) are represented by the expressions

4
3%, ® =0, n=1,2,3,4 (3.8)
i==al
h
i ) () 1 {
59 = (BB () + 0BR (W) exp (< 0s () dt)
]
h
oS0 = A1 () + 208 () B () — A () B () exp (- § s (1 )
Qo

53t = By® (0), 5, = By, M (0)
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Since det|s,® = 0, i,n=1,2,3,4, then it is necessary that ¢° =0, i=1,23,4, and
therefore, a;®=0. In this case the boundary conditions have the form

3 i g —1, n=2 s
R A M T
i==]1
Then /9/
c(i)__ det"sg)“i
© T detfsM)

Taking into account (3.7), (3.5) and (3.8), it can be concluded that as e— 0 all the
g (z, €) will be uniformly bounded in &. For = 2 the corresponding system becomes inhcmo-
geneous (the terms a}{” (z)) are present in the right sides). Since the rank of the system
matrix is three, as before, then the coefficients ay,® (z) (i = 2,3,4) can be expressed /10/
in terms of a,®(2). In turn, the coefficient a,,™(z) is represented by virtue of its holeo-
morphism for z=h /1l0/ by the series

a2y = D e, i=1,2,34 (3.9)
ka=0

Substituting (3.9) into (3.8) and collecting coefficients of identical powers, we cbtain
a homogeneous system to determine the ¢,% which is similar to (3.8). Its determinant is al-
so different from zero, from which it follows

g0=0i=1,2,3,4%k=0,1,2,..

For values r >2 the discussion is analogous to that for the case r = (0 since the co-
efficients for ¢~ are zero. We obtain

g; (2, &) ~ const-g, ¢ =0
Then
uz ~ const/o, o — oo.

4. To study the influence of the initial stress on the wave process excited in a pre-
stressed layer, we took the following dependences of the elastic parameters and the initial
stresses on the coordinates as an illustration:

A2 = kb (1 4 a)(z 4+ ah), p(2) = poh (1 + B)(z + Bh) (4.1)
p()=ppexply(h — 2], ©(23) = goexpld(h— 2)}

oY
Ale) = hgexpla (b —2)l, p(2) = poexp [P (b — 2] (4.2)
p@=poexply( — 2], 0 (2) = 0ok (1 + 8/(z + bk)

An analysis showed the absence of qualitative distinctions in the pattern of zero and
pole distributions for the function K°(z) as the initial stresses and the elastic character-
istics of the medium varied according to the laws (4.1) and (4.2), and the pattern presented
in /1,2/. Only certain guantitative changes were observed. Here and below, the computatiocns
were carried out for the values &, =926.10° N/m2, p, = 775105 N/m2, p,= 10° kg/m3, q,= 10"y,
x=38=05 and f=y=1.

For all values of o strict alternation of the zeros and poles holds. In combination with
the properties noted above,the latter circumstance permits the conclusion /8/ that the problem
of stamp vibration on a layer surface is solvable single-valuedly for any right sides of (2.7)
in the class of functions that are continuous with weight in [—aq, a.

Let us approximate the function X°(u) by the function /8/

n
K*() =c @4 B [T =g, @i—y,2 (4.3)
k=1
Here ¢ and B are approxXimation parameters, y,(k=1,2,....m), tx(k=1,2,...,m;) are real

zeros and poles of the function K°(«), the remaining y(k=m <4+1,...,n) and {((k=m+1,...,n)
are determined from the condition of the hest approximation. -

The form of the functions ¢ () |z |< and us (zy),|2] >a determining the constant stress
distribution under the stamp and the beha ior of the free surface of the medium in the case
us (7)) = exp (inz;) (| r; | < @) and the approxima'ing function (4.3) in different forms can be found
in /8,11=-13/.

Let us use the notation
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11=’ et Rege, =10

tot(Regy — Regy) X 100, 500
6 — Reug, 2,=0

(Reugg— Reuy,) X 20, So=0

Graphs of the functions n and © are presented in Figs.l and 2 for gy = 0, 5.0, = and
5.10-3 y, (curves 1,2, 3, respectively) when the elastic parameters A u,p and o are described
by (4.1) (solid curves) or (4.2) (dashes).

2 7
50 8 G
2
!
/,-\
-39 \T'z* /
N\
7
) z
—150 ] 1.5 ~ 3
Fig.l Fig.2

Computations were performed for the above-mentioned values of the parameters A, pq, o, @ 8,
1, v, 8. The stamp half-width is ¢ =3, 0 = 5-104 Hz.

The numerical analysis shows that a change in initial stress intensity exerts substantial
influence on the contact stress distribution and the free surface displacement, where it is
strongest at inflection points of the functions g¢(z) and us(z). For different laws of initial
stress and elastic parameter variation for the medium the contact stresses and the free sur-
face displacement are distinct; however, the nature of the initial stress influence remains
qualitatively as before.

5. The problem of the radial vibration of a rigid 2 wide belt on a cylinder surface
r<R,|z{<oc0 with initial stresses and elastic characteristics of the material varying along
the radius is described by a system of equations with the boundary conditions

9% 2 (A o%u, .
O 2) g -+ (v o 4 2O 2O o) s+ (5.1)
du . 62ur
(A’+-;-)'7;;+bna—,u+—,-u,=—9m2u,

ziur

tu u A
b,a—ag‘—+(?~+au)m$+(au'+ )+
bis %u,
(bm + _") + (A4 2p) 57 o;: = —po’u,

r=R, (K—f—ZP.) +A’—"‘+l az '—qr(z)v fz1< (5.2}
ou, ou

axa—an—i-bla‘a‘;z‘:O

r=0,u=017,=0 |z o0

(ur, u; are the radial and axial displacements).
Applying the Fourier transformation in z and introducing the notation

Ve =y, eV = yp Ve, faVp= (5.3)
(Ve, V; are the transforms of the functions u, and a;), we arrive at a system of four £irst-
order differential equations of the type (2.1) and (2.2) from the system (5.1). Furkher con-
structions do not differ qualitatively from those in Sects.2—4. The integral equation of
type (2.7) obtained was investigated by numerical methods, its solvability in the class of
functions mentioned in Sect.4 was established. Using (4.3) as the approximating kernel of the
integral equation, we obtain the possibility of using the results in /8,12/ to detemmine the
form of the functions ¢,(s),|z| <e¢ and u,(s),{z{>a that yield the distribution of the contact
stresses under the belt and the behavior of the free surface.
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Even in this case changes in the initial stresses influence the -wave process in the

cylinder substantially., Utilization of different laws also results in significant changes in
the guantitative characteristics of this process.

The authors are grateful to V.A. Babeshko for attention to the research and for discus-

sion of the results.
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